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Abstract
Low-temperature expansion of the eective Lagrangian of the QED
3+1
with
a uniform magnetic eld and a nite chemical potential is performed. Tem-
perature corrections, as well as zero-temperature expression for the eective




Dierent approaches [1-4] may be used in order to calculate one-loop eective Lagrangian
of the nite temperature and density quantum electrodynamics with a uniform magnetic
eld. The general expressions for the eective Lagrangian obtained are rather compli-
cated and serve, usually, only as a starting point for subsequent approximations or direct
numerical calculations.
In Ref. [5] it was shown that for a particular case T = 0;  6= 0 one may present an
exact expression for the eective Lagrangian L
eff
(T = 0; B; ) in terms of the elementary
functions as a nite sum over partially lled Landau levels. In the above-mentioned paper
the eective Lagrangian was calculated in two ways: by using the proper-time method
at zero temperature [6] and by taking a zero-temperature limit of L
eff
(B;; T ). Here we








it is possible to perform a low-temperature
expansion of the eective Lagrangian keeping nite number of (partially) lled Landau
levels and to get a similar representation for the temperature corrections. Using the
expression for the eective Lagrangian we shall obtain temperature corrections to the
fermion density and de Haas { van Alphen oscillations. On the base of the expression for
the fermion density we shall also calculate some components of the one-loop polarization
operator in the static limit as well as Hall conductivity in the QED
3+1
.
We shall consider the nite density QED with a uniformmagnetic eld. In the presence
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The eective Lagrangian at T; ; B 6= 0, L
eff




















































is the contribution due to the nite temperature and density ( = 1=T , p
k
is the modulus
of the momentum parallel to the magnetic eld, b
k
 2   
n;0
, since the lowest Landau


























is the Schwinger Lagrangian in the purely magnetic case [7].
2 Low-temperature expansion at ;B 6= 0
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We shall consider here the low-temperature limit of the QED
3+1
. In the T ! 0 limit
















































where [: : :] denotes the integral part.
To evaluate the low-temperature corrections to the eective Lagrangian (5) we shall




































































































































































((q  )=2T )
: (12)
The above functions decrease sharply for small T as one moves o the point q = 
(as f

! (   ") the derivative of the Fermi distribution with respect to energy
approaches the -function). Therefore, only partially lled Landau levels (i.e. those with




+ 2eBn) will contribute to the
eective Lagrangian in a low-temperature limit.
Now we may introduce an auxiliary variable z = q with the integration limits 1
and rewrite Eq.(11) as follows ( > 0):
1
We shall consider a system with a xed chemical potential, and not a density,
@
@T
= 0, cf. calculation
















































  2eBn at z = 0 and keeping a leading term only (the
even powers of z will not contribute to
@L
@T















































































i.e. as long as the distance from the Fermi surface to the edge of any Landau level remains
much greater than the temperature.










































































































Thermal corrections decrease the fermion density: by xing the chemical potential and
raising the temperature we evaporate the electron (positron) gas.
3 Fermion density and polarization operator
Having the expressions for the eective Lagrangian and the fermion density we may
move forward to calculate magnetization, Hall conductivity and some components of the
polarization operator in the static limit p
0
= 0; p! 0.




. Here M(B;; T ) = M(B) +
~





































































{component of the polarization operator may be written in the static limit as






























































= 0; p! 0)
[9] but this relation does not hold for B 6= 0 as the tensor structure of the polarization











in the static limit may be written as

0j






i; j = 1; 2 ; (19)















The above components of the polarization operator describe conductivity in the plane
orthogonal to the magnetic eld. Indeed, a current induced by a perturbating electric eld


























(x) = x  E; A
pert
(x) = 0 one has the following expression









































i; j = 1; 2 : (23)
6
Before examining this formal expression it is worth looking at the general structure of
the polarization operator in order to nd an element responsible for the Hall conductivity.
The polarization tensor in QED
3+1
with a uniform magnetic eld at T;  6= 0 may be




































































































































is the 4-velocity of the medium [9], u

= (1; 0; 0; 0)) , only the last tensor structure
may contribute to the Hall conductivity
2
. Therefore, we may dene the coecient F in
the static limit as well:
F(p
0






Substituting into Eq.(23) the expression for the fermion density Eq.(16) one has (we






























It follows from Eq.(26) that the Hall conductivity in the QED
3+1
is an oscillating
function (of innite amplitude) of the chemical potential and the magnetic eld. The
inverse square-root singularity is not surprising as the polarization operator in QED
3+1
with a uniform magnetic eld at T = 0 has just the same kind of singularities [12] and

Hall
is proportional to one of its scalar coecients. On the other hand, it follows from
2
For B = 0, T and/or  6= 0 C; D;E; F  0, for B; T 6= 0;  = 0 E ; F  0, for T;  = 0; B 6= 0
B; E; F  0, see Ref. [11] for details.
7
Eq.(26) that the sign of conductivity is changing as one moves from the edge of one
Landau level to another. At T 6= 0 the conductivity is a smooth function of B; but the
density is not a monotonous function of B (at least at low temperatures), therefore, the
sign of conductivity will still depend on the magnitude of the magnetic eld.
This will hold for the nonrelativistic case as well: in the nonrelativistic limit one has






in Eq.(26). At the same time, there is no evidence of
such dependence of conductivity in realistic condensed matter systems. There may be
two possible explanations of this fact. First, we have considered a nondissipative plasma.










 1. In this case even small widths
of levels (a nite free-path length) may cancel the oscillations completely. Second, we
have considered the one-loop approximation. Higher order corrections may also level the
oscillations.
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